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Abstract: In this paper,we consider certain nonlinear partial difference
equations
(aAm+1,n + bAm,n+1 + cAm,n)
k − (dAm,n)k +
u∑
i=1
pi(m,n)A
k
m−σi,n−τi = 0
where a, b, c, d ∈ (0,∞), d > c, k = q/p, p, q are positive odd integers, u
is a positive integer, pi(m,n), (i = 0, 1, 2, · · ·u) are positive real sequences.
σi, τi ∈ N0 = {1, 2, · · · }, i = 1, 2, · · · , u. A new comparison theorem for
oscillation of the above equation is obtained.
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1. INTRODUCTION
In this paper we consider nonlinear partial difference equation
(aAm+1,n + bAm,n+1 + cAm,n)
k − (dAm,n)k +
u∑
i=1
pi(m,n)A
k
m−σi,n−τi = 0, (1.1)
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where a, b, c, d ∈ (0,∞), d > c, k = q/p, p, q are positive odd integers, u is a
positive integer, pi(m,n), (i = 0, 1, 2, · · ·u) are positive real sequences. σi, τi ∈
N0 = {1, 2, · · · }, i = 1, 2, · · · , u. The purpose of this paper is to obtain a new
comparison theorem for oscillation of all solutions of (1.1).
2. MAIN RESULTS
To prove our main result we need several preparatory results.
Lemma 2.1 Assume that {Am,n} is a positive solution of (1.1). Then
i : Am+1,n ≤ θ1Am,n, Am,n+1 ≤ θ2Am,n, (2.1)
and
ii : Am−σi,n−τi ≥ θσ0−σi1 θτ0−τi2 Am−σ0,n−τ0 , (2.2)
where θ1 =
d− c
a
, θ2 =
d− c
b
, σ0 = min
1≤i≤u
{σi}, τ0 = min
1≤i≤u
{τi}.
Proof. Assume that {Am,n} is eventually positive solutions of (1.1). From (1.1), we
have
(aAm+1,n + bAm,n+1 + cAm,n)
k − (dAm,n)k = −
u∑
i=1
pi(m,n)A
k
m−σi,n−τi ≤ 0,
and so
(aAm+1,n + bAm,n+1 + cAm,n)
k ≤ (dAm,n)k.
Since k =
p
q
, p, q are positive odd integers, then
aAm+1,n + bAm,n+1 ≤ (d− c)Am,n.
Hence Am+1,n ≤ θ1Am,n and Am,n+1 ≤ θ2Am,n. From the above inequality, we
can find Am,n ≤ θσ01 Am−σ0,n ≤ θσi1 Am−σi,n, Am−σ0,n ≤ θτ02 Am−σ0,n−τ0 , and
Am−σi,n ≤ θτ02 Am−σi,n−τ0 ≤ θτi2 Am−σi,n−τi .
Hence
Am,n ≤ θσ01 θτ02 Am−σ0,n−τ0 ≤ θσi1 θτi2 Am−σi,n−τi.
The proof of Lemma 2.1 is completed.
Lemma 2.2 [1] If x, y ∈ R+ and x 6= y, then
rxr−1(x− y) > xr − yr > ryr−1(x− y), for r > 1.
Theorem 2.1 If the difference inequality
aAm+1,n+bAm,n+1−(d−c)Am,n+
u∑
i=1
θσ0−kσi1 θ
τ0−kτi
2
kdk−1
pi(m,n)Am−σ0,n−τ0 ≤ 0 (2.3)
has no eventually positive solutions, then every solution of Equation (1.1) oscillates.
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Proof. Assume that {Am,n} a is positive solution of Equation (1.1). Then, by (1.1)
and Lemma 2.2, we obtain
aAm+1,n + bAm,n+1 − (d− c)Am,n +
u∑
i=1
pi(m,n)
Akm−σi,n−τi
kdk−1Ak−1m,n
≤ 0 (2.4)
Substituting (2.2) into (2.4), we have
aAm+1,n + bAm,n+1 − (d− c)Am,n +
u∑
i=1
θσ0−kσi1 θ
τ0−kτi
2
kdk−1
pi(m,n)Am−σ0,n−τ0 ≤ 0.
This contradiction completes the proof.
Define a set E by
E = {λ > 0|d− c− λQm,n > 0, eventually}
where Qm,n =
u∑
i=1
θσ0−kσi1 θ
τ0−kτi
2
kdk−1
pi(m,n).
Theorem 2.2 Assume that
(i) limm,n→∞ supQm,n > 0;
(ii) there exists M ≥ m0, N ≥ n0 such that if σ0 > τ0 > 0,
sup
λ∈E,M≥m,N≥n
λ[
σ0−τ0∏
j=1
τ0∏
i=1
(d− c− λQm−i−j,n−i)]
1
σ0−τ0 < (
a
θ2
+
b
θ1
)τ0θτ0−σ01 , (2.5)
and if τ0 > σ0 > 0,
sup
λ∈E,M≥m,N≥n
λ[
τ0−σ0∏
j=1
σ0∏
i=1
(d− c− λQm−i,n−i−j)]
1
τ0−σ0 < (
a
θ2
+
b
θ1
)σ0θσ0−τ02 . (2.6)
Then every solution of (1.1) oscillates.
Proof. Suppose, to the contrary, Am,n is an eventually positive solution. We define
a subset S of the positive numbers as follows:
S(λ) = {λ > 0|aAm+1,n + bAm,n+1 − [(d− c− λQm,n]Am,n ≤ 0, eventually}.
From (2.3) and Lemma 2.1, we have
aAm+1,n + bAm,n+1 − (d− c− θ−σ01 θ−τ02 Qm,n)Am,n ≤ 0,
which implies θ−σ01 θ
−τ0
2 ∈ S(λ). Hence, S(λ) is nonempty. For λ ∈ S, we have
eventually that d− c− λQm,n > 0, which implies that S ⊂ E, Due to condition (i),
the set E is bounded, and hence, S(λ) is bounded. Let u ∈ S. Then from Lemma
2.1, we have
(
a
θ2
+
b
θ1
)Am+1,n+1 ≤ aAm+1,n + bAm,n+1
≤ (d− c− uQm,n)Am,n.
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If σ0 > τ0 > 0, then
Am,n ≤ (
a
θ2
+
b
θ1
)−τ0
τ0∏
i=1
(d− c− uQm−i,n−i)Am−τ0,n−τ0 ,
and for j = 1, 2, · · · , σ0 − τ0, we have
Am−j,n ≤ (
a
θ2
+
b
θ1
)−τ0
τ0∏
i=1
(d− c− uQm−i−j,n−i)Am−τ0−j,n−τ0
≤ θσ0−τ0−j1 (
a
θ2
+
b
θ1
)−τ0
τ0∏
i=1
(d− c− uQm−i−j,n−i)Am−σ0,n−τ0 .
(2.7)
Now, from Lemma 2.1 and (2.7), it follows that
Aσ0−τ0m,n ≤ (
a
θ2
+
b
θ1
)−τ0(σ0−τ0)θ(σ0−τ0)
2
1 [
σ0−τ0∏
j=1
τ0∏
i=1
(d− c− uQm−i−j,n−i)]Aσ0−τ0m−σ0,n−τ0 ,
i. e.,
Am,n ≤ {(
a
θ2
+
b
θ1
)−τ0(σ0−τ0)θ(σ0−τ0)
2
1 [
σ0−τ0∏
j=1
τ0∏
i=1
(d−c−uQm−i−j,n−i)]}
1
σ0−τ0Am−σ0,n−τ0 .
(2.8)
Similarly, if τ0 > σ0 > 0, then
Am,n ≤ {(
a
θ2
+
b
θ1
)−σ0(τ0−σ0θ(τ0−σ0)
2
2 [
τ0−σ0∏
j=1
τ0∏
i=1
(d−c−uQm−i,n−i−j)]}
1
τ0−σ0Am−σ0,n−τ0 .
(2.9)
Substituting (2.8) and (2.9) into (2.3), we get respectively, for σ0 > τ0,
aAm+1,n + bAm,n+1 − (d− c)Am,n
+ Qm,n(
a
θ2
+
b
θ1
)τ0θτ0−σ01 (
σ0−τ0∏
j=1
[
τ0∏
i=1
(d− c− uQm−i−j,n−i)]
1
τ0−σ0Am,n ≤ 0,
and for τ0 > σ0,
aAm+1,n + bAm,n+1 − (d− c)Am,n
+ Qm,n(
a
θ2
+
b
θ1
)σ0θσ0−τ02 [
τ0−σ0∏
j=1
σ0∏
i=1
(d− c− uQm−i,n−i−j)]
1
σ0−τ0Am,n ≤ 0.
Hence, for σ0 > τ0,
aAm+1,n + bAm,n+1 − {d− c−Qm,n(
a
θ2
+
b
θ1
)τ0θτ0−σ01
× sup
m≥M,n≥N
[
σ0−τ0∏
j=1
τ0∏
i=1
(d− c− uQm−i−j,n−i)]
1
τ0−σ0 }Am,n ≤ 0,
(2.10)
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and for τ0 > σ0,
aAm+1,n + bAm,n+1 − {d− c−Qm,n( a
θ2
+
b
θ1
)σ0θσ0−τ02
× sup
m≥M,n≥N
[
τ0−σ0∏
j=1
σ0∏
i=1
(d− c− uQm−i,n−i−j ])
1
σ0−τ0 }Am,n ≤ 0.
(2.11)
From (2.10) and (2.11), we get
(
a
θ2
+
b
θ1
)τ0θτ0−σ01 { sup
m≥M,n≥N
[
σ0−τ0∏
j=1
τ0∏
i=1
(d−c−uQm−i−j,n−i)]
1
τ0−σ0 } ∈ S for σ0 > τ0,
(2.12)
and
(
a
θ2
+
b
θ1
)σ0θσ0−τ02 ( sup
m≥M,n≥N
[
τ0−σ0∏
j=1
σ0∏
i=1
(d−c−uQm−i,n−i−j)]
1
σ0−τ0 ) ∈ S for τ0 > σ0.
(2.13)
On the other hand, (2.5) implies that there exists a1 ∈ (0, 1) (we can choose the
same) such that for σ0 > τ0
sup
λ∈E,m≥M,n≥N
λ[
σ0−τ0∏
j=1
τ0∏
i=1
(d−c−λQm−i−j,n−i)]
1
σ0−τ0 ≤ a1( a
θ2
+
b
θ1
)τ0θτ0−σ01 , (2.14)
and (2.6) implies that there exists a1 ∈ (0, 1) (we can choose the same) such that
for τ0 > σ0 > 0,
sup
λ∈E,M≥m,N≥n
λ[
τ0−σ0∏
j=1
σ0∏
i=1
(d− c− λQm−i,n−i−j)]
1
τ0−σ0 ≤ a1( a
θ2
+
b
θ1
)σ0θσ0−τ02 .
(2.15)
In particular, (2.14) and (2.15) lead to (when λ = u), respectively,
(
a
θ2
+
b
θ1
)τ0θτ0−σ01 sup
λ∈E,m≥M,n≥N
[
σ0−τ0∏
j=1
τ0∏
i=1
(d−c−uQm−i−j,n−i)]
1
τ0−σ0 ≥ u
a1
for σ0 > τ0,
(2.16)
and
(
a
θ2
+
b
θ1
)σ0θσ0−τ02 sup
λ∈E,M≥m,N≥n
[
τ0−σ0∏
j=1
σ0∏
i=1
(d−c−uQm−i,n−i−j)]
1
σ0−τ0 ≥ u
a1
for τ0 > σ0.
(2.17)
Since u ∈ S and u′ ≤ u implies that u′ ∈ S, it follows from (2.12) and (2.16) for
σ0 > τ0, (2.13) and (2.17) for τ0 > σ0 that
u
a1
∈ S. Repeating the above arguments
with u replaced by
u
a1
, we get ua1a2 ∈ S, where a2 ∈ (0, 1). Continuing in this way,
we obtain
u∏∞
i=1 ai
∈ S, where ai ∈ (0, 1). This contradicts the boundedness of S.
The proof is complete.
36
Liu, G., & Gao, Y./Progress in Applied Mathematics, 5 (1), 2013
Corollary 2.1 In addition to (i) of Theorem 2.1, assume that for σ0 > τ0 > 0,
lim
m,n→∞ inf
1
(σ0 − τ0)τ0
σ0−τ0∑
j=1
τ0∑
i=1
Qm−i−j,n−i >
(d− c)τ0+1τ τ00
(τ0 + 1)τ0+1
(
a
θ2
+
b
θ1
)−τ0θσ0−τ01 ,
and for τ0 > σ0 > 0,
lim
m,n→∞ inf
1
(τ0 − σ0)σ0
τ0−σ0∑
j=1
σ0∑
i=1
Qm−i,n−i−j >
(d− c)σ0+1σσ00
(σ0 + 1)σ0+1
(
a
θ2
+
b
θ1
)−σ0θτ0−σ02 .
Then every solution of (1.1) oscillates.
Proof. We note that
max
(d−c)
e >λ>0
λ(d− c− λe)τ0 = (d− c)
τ0+1τ τ00
e(τ0 + 1)τ0+1
.
We shall use this for
e =
1
(σ0 − τ0)τ0
σ0−τ0∑
j=1
τ0∑
i=1
Qm−i−j,n−i.
Clearly,
λ[
σ0−τ0∏
j=1
τ0∏
i=1
(d− c− λQm−i−j,n−i)]
1
σ0−τ0
≤ λ[ 1
(σ0 − τ0)τ0
σ0−τ0∑
j=1
τ0∑
i=1
(d− c− λQm−i−j,n−i)]τ0
≤ λ[d− c− λ
(σ0 − τ0)τ0
σ0−τ0∑
j=1
τ0∑
i=1
(Qm−i−j,n−i)]τ0
≤ (d− c)
τ0+1τ τ00
e(τ0 + 1)τ0+1
< (
a
θ2
+
b
θ1
)τ0θτ0−σ01 .
Similarly, we have
λ[
τ0−σ0∏
j=1
σ0∏
i=1
(d− c− λQm−i,n−i−j)]
1
τ0−σ0 < (
a
θ2
+
b
θ1
)σ0θσ0−τ02 .
By Theorem 2.1, every solutions of (1.1) oscillates. The proof is complete.
By a similar argument, we have the following results:
Theorem 2.3 Assume that
(i) limm,n→∞ supQm,n > 0;
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(ii) there exists M ≥ m0, N ≥ n0 such that if σ0 = τ0 > 0,
sup
λ∈E,M≥m,N≥n
λ
σ0∏
i=1
(d− c− λQm−i,n−i) < (
a
θ2
+
b
θ1
)σ0
Then every solution of (1.1) oscillates.
Corollary 2.2 If the condition of Theorem 2.2 holds, and
lim
m,n→∞ inf Qm,n = q >
(d− c)σ0+1σσ00
(σ0 + 1)σ0+1
(
a
θ2
+
b
θ1
)−σ0 ,
Then every solution of (1.1) oscillates.
Theorem 2.4 Assume that
(i) limm,n→∞ supQm,n > 0;
(ii) there exists M ≥ m0, N ≥ n0 such that either
sup
λ∈E,M≥m,N≥n
λ[
τ0∏
j=1
σ0∏
i=1
(d− c− λQm−i,n−j)]
1
τ0 < aσ0θ−τ02 ,
or
sup
λ∈E,M≥m,N≥n
λ[
σ0∏
i=1
τ0∏
j=1
(d− c− λQm−i,n−j)]
1
σ0 < bτ0θ−σ01 .
Then every solution of (1.1) oscillates.
Corollary 2.3 In addition to (i) of Theorem 2.3, assume that for σ0, τ0 > 0,
either
lim
m,n→∞ inf
1
σ0τ0
τ0∑
j=1
σ0∑
i=1
Qm−i,n−j > a−σ0θτ02
σσ00
(σ0 + 1)σ0+1
,
or
lim
m,n→∞ inf
1
σ0τ0
σ0∑
i=1
τ0∑
j=1
Qm−i,n−j > b−τ0θσ01
τ τ00
(τ0 + 1)τ0+1
,
Then every solution of (1.1) oscillates.
Theorem 2.5 Assume that
(i) limm,n→∞ supQm,n > 0;
(ii) there exists M ≥ m0, N ≥ n0 such that if σ0 > 0, τ0 = 0,
sup
λ∈E,M≥m,N≥n
λ
σ0∏
i=1
(d− c− λQm−i,n) < aσ0 .
Then every solution of (1.1) oscillates.
Corollary 2.4 In addition to (i) of Theorem 2.4, assume that σ0 > 0, τ0 = 0,
and
lim
m,n→∞ inf Qm,n >
(d− c)σ0+1σσ00
aσ0(σ0 + 1)σ0+1
.
Then every solution of (1.1) oscillates.
Theorem 2.6 Assume that
(i) limm,n→∞ supQm,n > 0;
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(ii) there exists M ≥ m0, N ≥ n0 such that if σ0 = 0, τ0 > 0,
sup
λ∈E,M≥m,N≥n
λ
τ0∏
j=1
(d− c− λQm,n−j) < bτ0 .
Then every solution of (1.1) oscillates.
Corollary 2.5 In addition to (i) of Theorem 2.5, assume that σ0 = 0, τ0 > 0,
and
lim
m,n→∞ inf Qm,n >
(d− c)τ0+1τ τ00
bτ0(τ0 + 1)τ0+1
.
Then every solution of (1.1) oscillates.
Theorem 2.7 Assume that
(i) limm,n→∞ supQm,n > 0;
(ii) for σ0, τ0 > 0,
lim
m,n→∞ inf Qm,n = q > 0, (2.18)
and
lim
m,n→∞Qm,n > (d− c)θ
σ0
1 θ
τ0
2 −
aθ1 + bθ2
(d− c) q > 0. (2.19)
Then every solution of (1.1) oscillates.
Proof. Suppose, to the contrary, Am,n is an eventually positive solution. From (2.3)
and (2.18), for any  > 0, we have Qm,n > q −  for m ≥ M,n ≥ N . From (2.3),
Lemma 2.1 and above inequality, we obtain
Am,n ≥
(q − )
(d− c)Am−σ0,n−τ0 ≥
(q − )
(d− c)θ
1−σ0
1 θ
1−τ0
2 Am−1,n−1,
Am,n ≥
(q − )
(d− c)θ
1−σ0
1 θ
−τ0
2 Am−1,n, and Am,n ≥
(q − )
(d− c)θ
−σ0
1 θ
1−τ0
2 Am,n−1.
Substituting above inequalities into (2.3), we get
[aθ1−σ01 θ−τ02 + bθ−σ01 θ1−τ02
d− c (q − )− (d− c) +Qm,nθ
−σ0
1 θ
−τ0
2
]
Am,n < 0,
which implies
lim
m,n→∞Qm,n ≤ (d− c)θ
σ0
1 θ
τ0
2 −
aθ1 + bθ2
(d− c) q > 0.
This contradicts (2.19). The proof is complete.
Theorem 2.8 Assume that
(i) limm,n→∞ supQm,n > 0;
(ii) σ0 = τ0 = 0, and
lim
m,n→∞ supQm,n > d− c. (2.20)
Then every solution of (1.1) oscillates.
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Proof. Let u ∈ S. Then from (2.3) and Lemma 2.1, we have −(d−c)+Qm,nAm,n <
0, which implies limm,n→∞ supQm,n ≤ d− c.
This contradicts (2.20). The proof is complete.
REFERENCES
[1] Yu, J. S., Zhang, B. G., & Wang, Z. C. (1994). Oscillation of delay difference
equation. Applicable Analysis, 53, 118-224.
[2] Zhang, B. G., & Yang, B. (1999). Oscillation in higher order nonlinear differ-
ence equation. Chznese Ann. Math., 20, 71-80.
[3] Zhou, Y. (2001). Oscillation of higher-order linear difference equations, ad-
vance of diflerence equations III. Special Issue of Computers Math. Applica-
tion, 42, 323-331.
[4] Lalli, B. S., & Zhang, B. G. (1992). On existence of positive solutions and
bounded oscillations for neutral difference equations. J. Math. Anal. Appl.,
166, 272-287.
[5] Bohner, M., & Castillo, J. E. (2001). Mimetic methods on measure chains.
Comput. Math. Appl., 42, 705-710.
[6] Tanigawa, T. (2003). Oscillation and nonoscillation theorems for a class of
fourth order quasilinear functional differential equations. Hiroshima Math.,
33, 297-316.
[7] Bohner, M., & Peterson, A. (2001). Dynamic equations on time scales: an
tntroduction with applications. Boston: Birkhanser.
[8] Zhang, B. G., & Zhou, Y. (2001). Oscillation of a kind of two-variable function
equation. Computers and Mathematics with Application, 42, 369-378.
[9] Liu, G. H., & Liu, L. CH. (2011). Nonoscillation for system of neutral delay
dynamic equation on time scales. Studies in Mathematical Sciences, 3, 16-23.
[10] Zhang, B. G., & Zhou, Y. (2001). Oscillation and nonoscillation of second
order linear difference equation. Computers Math. Application, 39, 1-7.
40
